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Abst ract - -A  class of KdV equations with variable coefficients and/or nonuniformities is discussed. 
We derive easily the constraint conditions which must apply to this class in order to obtain exact 
solutions. By a direct method, we obtain solutions in a number of generic as well as specific ases. 
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1. INTRODUCTION 
In the last decade, there has been considerable interest in the Korteweg-de Vries (KdV) equation 
with variable coefficients and/or with nonuniformities. Various forms of these KdV type equations 
arise in many physical systems, see e.g., [1-11]. 
A partial differential equation has the Painlevg property when its solutions are single-valued 
about a movable singularity manifold. If u = u(zl . . . .  , zn) is a solution to the pde then 
O0 
= Cp uj¢ , (11) 
jffiO 
where ¢ = ¢(z l , . . . ,  Zn), uj = uj (z l , . . . ,  zn), uO ~ 0 are analytic functions of the zj in a neigh- 
bourhood of the manifold ¢ = 0, and p is a negative integer. Many authors (e.g., [1-3]) have 
applied the method formulated by Weiss [12] to investigate the integrability of a class of KdV 
equations with variable coefficients and/or nonuniformities. It was found that this class of KdV 
equations possessed the Painlev~ property if and only if the coeËficient functions atisfied a certain 
constraint. 
By adopting the approach, we have used in earlier work [13], we are able to synthesize the 
results referred to above. More specifically, we derive easily the constraint conditions which must 
apply to this class of variable coefficient and/or nonuniform KdV equations in order to obtain 
exact solutions via a series analysis. 
In Section 2, we outline the approach we have taken and obtain the key constraint. A feature 
of our method is the use of complex functions. In Section 3, some special cases of these types of 
KdV equations are considered, and inferences from the reduced constraint conditions are made. 
Then in Section 4, we display explicitly some exact solutions to some cases arising in Section 3. 
*Present address: Centre for Computing & Biometrics, Lincoln University, P.O. Box 94, Christchurch, New 
Zealand. 
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2. OUTLINE OF THE METHOD 
In this section, we consider the Korteweg-de Vries equation with variable coefficients and/or 
nonuniformity erms in the form 
ut + a(t)uux + d(t)uxx~ + c(x, t)u + b(x, t)u~ + e(x, t) = O. (2.1) 
We follow the method formulated by Weiss [12] up to a point--instead of seeking solutions to 
equation (2.1) of the form (1.1), we will use the finite series 
-p 
~-"u .tJ+p 
u=2. ,  , (2.2) 
j=0 
where p is a negative integer. Leading order analysis hows that p = -2,  thus the series (2.2) 
becomes 
u = u0¢ -~ + u1¢ -1 + us, (2.3) 
where u0 ~ 0. Resonances occur at j = -1, 4, 6. Substituting the series (2.3) into equation (2.1) 
and equating coefficients of like powers of ¢ to zero gives the set of Painlev&Biicklund (PB) 
equations: 
12d(t) (2.4a) ¢ -5 :  u0 = -a¢~,  where a = a(t--~' 
¢-4 : ul = aCxx, (2.4b) 
C-s :  a¢~¢t + d (12u~¢~ - 3a¢2zx + 4aCxCx~) + ab¢~ = 0, (2.4c) 
~b-2: (a~b2)t -{- otCt~b~x + d (12u2x~b 2 -{- 36u2q)xCxx - 2o~¢xx~bxxx + 5o~q~q~xxxx) 
+ ac¢~x + 3abCxCxx = O, 
¢-1 : (aqbzx)t + d (12u2xCxx + 12u2¢xxx + aCxxxxx) + acCxx + abCxxx = O, 




We first assume 
¢ = 1 + e il, where f = f (x,  t) is in general complex. 
Substituting the expression (2.5) into equation (2.4c) yields 
(2.5) 
4 6i 2 ah/ t  + d [12u2/~ + a (4hhxx  - 31~x - /~  + / ; /xx)]  + abf~ = 0. (2.6) 
Equating the coefficients of the imaginary terms of equation (2.6) to zero gives 
ad(t ) f~f~ = O. (2.7) 
It is required that a ~ O, d(t) ~ 0, so fx = 0 or f~x = O. But fx = 0 implies Cx = 0 and u0 = 0 
which is not allowed. Hence we take fx ~h O. Then equation (2.7) gives 
fxx ---- 0. (2.8a) 
Upon equating the real part of equation (2.6) to zero, we obtain 
af t  + d (12u2fx - af2) + abfx = 0. (2.8b) 
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Inserting the expression (2.5) into equation (2.4d) and equating the imaginary and real parts to 
zero, we obtain equation (2.8b) and 
at fx  q" 20efxt + 12du2xfx q- acfx = O, (2.8C) 
respectively. Repeating this process on equation (2.4e) reproduces equations (2.8b) and (2.8c), 
which indicates that the compatability condition at j = 4 is satisfied. In the meantime, we 
leave equation (2.4f) in that form for practical reasons. Thus, we have transformed the PB 
equations (2.4c)-(2.4e) to the simpler set (2.8a)-(2.8c). 
Solving these together with equation (2.4f) will establish a constraint on the coefficient func- 
tions of equation (2.1). Equations (2.8a)-(2.8c) yield 
f (  x, t) = xg(t) q- h(t), (2.9a) 
i dg = bx(x, t) - c(x, t), (2.9b) 
a 
a(t)u2z + Lg + bx(x,t) = 0, (2.9c) 
and upon integrating equation (2.9c) with respect to x 
a(t)u2 + xLg + b(x, t) = m(t),  (2.9d) 
where L = ~ In, h(t) can be evaluated from (2.8b), and the primes indicate differentiation with 
respect to t. The expression for us obtained in equation (2.9d) must satisfy equation (2.4f) which 
produces the following constraint on the coefficient functions: 
m' -i- m ~ + 2(c - b~) + b(La  - c) - bt - dbxxx + ae 
+x n + a a 2 +(c -bx)La '+ct -b~t -4cbx+2b~+ =0, (2.10) 
where a = act), d = d(t), c = c(x,t) ,  b = b(x, t), e = e(x,t) ,  m = re(t), and the primes denote 
differentiation with respect o t. Upon setting c = cl(t) + bx(x, t) in equation (2.1) and in the 
constraint (2.10) the equation and constraint considered by Brugarino [3] is obtained. 
This constraint on the coefficient functions was derived by us merely by requiring u2 to sat- 
isfy (2.4f); it was not necessary to assume that equation (2.1) possesses the Painlevd 
property. Equations (2.9a)-(2.9d) and the constraint (2.10) contain all the information eces- 
sary for deriving special forms of equation (2.1) and their solutions. 
3. SOME SPECIAL  CASES 
We now consider some special cases of equation (2.1). 
CASE i. 
For b = e = 0, c = c(t), a and d nonzero constants, equations (2.1) and (2.10) reduce to 
ut + auux + duxxx + c(t)u = O, 
m'(0 + 2c(0m(t) + x [c'(0 + 2c (0] = o, 
respectively. The reduced constraint (3.2) is identically zero if and only if 





m'(t)  + 2c(t)m(t) = O. (3.3b) 
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Equation (3.3a) has two possible solutions: either 
c( t )  = o 
or  




c(t) = 2(t + to)' (3.45) 
For these values of c, equation (3.1) reduces to the KdV 
ut + auux + dux~ = 0 (3.5) 
and the cylindrical KdV equation (cKdV) 
respectively. 
ut + auux + duxxz + - -  
U 
2(t + to) = 0, (3.6) 
Clarkson [14], and Hlavat~ [4] have shown that equation (3.6) possesses the Painlevd property 
if and only if c(t) satisfies equation (3.3a). 
Because of the constraint (3.3a) on the coefficient c(t), we conclude that the cylindrical KdV 
equation 
1 
ut + -~u + auux + duxxx = 0 (3.7) 
cannot be solved by our method since from (3.4b) it follows that c(t) cannot equal 1/t. So far as 
we know, equation (3.7) is also not solvable by the inverse spectral method. 
CASE II. 
For e = 0, b = b(x), a, c and d nonzero constants, equation (2.1) reduces to 
ut + aUUx + duxzx + cu + b(x)ux = 0 (3.8) 
and the constraint (2.10) becomes 
m'(t )  + 2m(t)[c - bx(x)] - cb(x) - dbxzx(x) + 2x [c 2 - 2cbx(x) + b2(x)] = 0. (3.9) 
Using equations (2.9a) and (2.9b) we find 
f = xg(t) + h(t), g(t) = goe -At, (3.10a) 
where go and A are nonzero constants, and 
b(x) = (c - A )x  + bo, (3.105) 
where b0 is an arbitrary constant. Then equation (2.9d) gives 
au2 = (2A - c)x - bo + re(t). (3.10c) 
The constraint (3.9) now becomes 
m'(t)  + 2Am(t )  - b0c + x (2A 2 + Ac - c 2) = O, (3.11) 
which is identically zero if and only if 
(c + A)(c - 2A) = 0 (3.12a) 
and 
m' (t) + 2Am(t )  - b0c = 0. (3.125) 
Considering the two possibilities in equation (3.12a) separately, we have: 
( i )  c = 2A 
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Equation (3.8) becomes 
ut + auuz + duxz~ + 2Au + (Ax + b0)ux = 0, (3.13) 
which is referred to as a KdV equation of linearly nonuniform edia with relaxation effects, where 
the constant bo is related to the velocity of the wave. The constants a, d and A are arbitrary. 
Equations (3.12b) and (3.10c) give 
re(t) = moe -2At + bo (3.14a) 
and 
au2 = moe -2At, (3.14b) 
where m0 is an arbitrary constant. Then (2.8b) gives 
,o[ , ] h(t) = -~ bo e-At + g (too - dg~) e -3At + ~70, (3.14c) 
where ~ is an arbitrary constant. 
(ii) c =-A  
Equation (3.8) becomes 
ut + auux + du=zx - Au + (bo - 2Ax)uz = O. (3.15) 
Equations (2.8b), (3.10c) and (3.12b) give explicit expressions for m, h and u2 which we shall 
not list here. 
CASE III. 
For b = c = e = 0, equation (2.1) reduces to the KdV equation with variable coefficients 
ut + a(t)uux + d(t)uxxx = O, (3.16) 
the constraint (2.10) to 
a L =0, (3.17) 
where m = re(t) and L = d ln, and the primes indicate differentiation with respect o t. The 
constraint (3.17) is identically zero if and only if 
d 
m ~ + mL ~ = 0 (3.18a) 
and 
LdLd+ L =0. (3.18b) a a 2 
Integrating (3.18a) gives 
md = moa 2, (3.19a) 
while (3.18b) yields 
d( t )=a( t )  [Bo f a(t)dt + B,] , (3.19b) 
where too, B0 and Bx are arbitrary constraints. The constraint (3.19b) has been published by 
Joshi [1]. 
It should be noted that we have produced these results merely from the requirement that u2 
satisfies the given pde. 
In this case (2.9b) and (3.19b) give 
Lg=-Ld= Boa s 
a d (3.20) 
and (2.9d) becomes 
d(t)u2 = a(t) (Box + too). (3.21) 
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4. SOLUTIONS 
In this section, we obtain solutions to some cases of equation (2.1). From (2.9a), we have 
y(z, t )  = xg(t) + h(t), 
where f is in general complex. Recall that 
¢ = 1 + e iI(x't) 
is complex. Now choose f(x, t) to be pure imaginary so that ¢ becomes real. This is, as we 
shall see in examples below, equivalent to choosing arbitrary constants of integration to be pure 
imaginary. Writing f = - i8  (8 real) the expression for ¢ becomes 
¢ = 1 + e °, (4.1a) 
where 
0 = xG(t) + H(t), (4.1b) 
G(t) and H(t) are real functions. Then from (2.3), (2.4a) and (2.4b), we obtain a solution of the 
form 
u- -  ~[G( t ) ]ZsechS 2 + us, (4.2) 
where u and us are solutions to the pde under consideration. 
EXAMPLE 1. 
Consider equation (3.13) 
ut + auux + duxxx + 2Au + (Ax + bo)u~ = O, 
where A, bo, a and d are nonzero constants. By choosing o = -if~ and W0 = -iw, where f~ and 
are real constants, equations (2.9a), (3.10a) and (3.14) give 
G(t) = Be -At (4.3a) 
and 
-~ [ l (d~S + mo) e-3At] (4.3b) H(t) = boe -At + -~ + rl. 
Hence the solution (4.1), (4.2) is obtained with a, d constants and us as in (3.14b). Upon setting 
m0 = 0, we obtain the same solution published by Hirota et al. [5] using a different method. 
EXAMPLE 2. 
The KdV equation (3.16) with variable coefficients 
.t + a(t)uux + d(t)uxxx = O. 
Under the constraint (3.19b), we consider two cases 
(i) So = o, 
(iX) B1 -- 0. 
For (i) we obtain the solution (4.1), (4.2) where 
G = 8, 
( 0)f H(t) = -[3 ~ + BI~ s a(t) dt + ~, 
mo 
us = B'-'~' 
d(t) = Bla(t), 
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For (ii) we have the solution (4.1), (4.2) where 
45 
aa(t) 
GC t) = r- d(t), (4.5a) 
a(t) H(t) = (too + ~2) ~ + r/, (4.5b) 
u2 = (too + Box) a(t) d(t)' (4.5c) 
= Boa(t) ] a(t) dr, (4.5d) d(t) 
and/3, Bo, mo and ~/are arbitrary constants (f~ # 0, Bo # 0). 
Nirmala et al. [2] studied equation (3.16) for the case 
a(t) = t v, d(t) = t 2p+l, p e R, Bo = p + 1, B1 = 0, (4.6) 
but they did not give a solution. However, from (4.5), we obtain the exact solution 
u = 3/32t-(p+1)sech2-8 + u2, (4.7a) 
2 
where 
O = /3 [x + m°-----~12] t-('+U + + p # - I  (4.7b) 
u2 = [mo + (p + 1)x] t -(v+l) (4.7c) 
and/~, mo and ~/are arbitrary constants. This result does not seem to have been published. 
Nirmala et al. [2] also considered the case 
3 a(t) = lit -s/2, d(t) = d -2, p=-~,  
where/f and e are constants. Using a different method, they obtained an exact solution 
where b and c are constants of integration. They observed that their solution did not have the 
smooth property of a soliton, which indicated that the system has decaying solutions other than 
soliton solutions when the coefficients of the KdV equation are functions of t. Our method, 
however, has led to a different ype of solution, valid for p # -1, which is a one-soliton solution. 
OTHER EXAMPLES. By using our method, we have obtained solutions (4.1), (4.2) in other cases 
including: 
(a) The eKdV equation (3.6) 
x + 2m0 
u2 = 2a(t + to)' 
G(t) = ~(t + to) -1/~, 
H(t) = 2f~(mo + d~2)(t + to) -1/2 + ~1, 
where m0, f/and r/are arbitrary constants (f~ # 0). 
~:I -D 
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(b) For equation (3.15), we find 
3 
au2 = 3Ax + moe -2At - ~bo, 
G(t) = ~e -at,  
H(t) = ~A [2(m0-  dg~))e -aAt -  3boe -at] + 7, 
where f~ (4 0) and 7 are arbitrary constants. 
(c) The KdV equation with nonuniformities 
ut + aUUx + duxx~ + cu + e(x, t) = 0, (4.9) 
which arises when b = 0 and a, c, d are nonzero constants in (2.1). We give examples of 
solutions of the form (4.1), (4.2) in three cases: 
2c2x 
(i) c#0,  e=- - -  
a 
(ii) 
au2 = ~0e -2ct  + C~ 
G(t) = ~e -a,  
H(t) = ~w:(mo + d~ 2) e -act + 7, 
OC 
where too,/~ and 7 are arbitrary constants (~ ~ 0). 
m'(t) 
c = O, e = - - -  where re(t) is arbitrary. 
a 
~u2 = re(t), 
G(t) = ~, 
H(t) = -df~St - ~ / re(t) dt + 7, 
where f~(~ 0) and 7 are arbitrary constants. 
(iii) c = 0, e =eot  where eo(~ 0) is an arbitrary constant. 
US = --1 eO t2, 
Z 
G(t) = ~, 
H(O = ~t  (a~ot ~ - 6a~ 2) + ,7, 
where f l(# 0) and 7 are arbitrary constants. 
(d) The damped KdV equation 
ut + auux + duxxx + c(t)u + xe(t) = O. 
We find 
(4.10) 
au~ = mog ~ + xc(t), 
where 
h( t )  = (d - mo)  f gadt + .o, 
and 
c' + 2c 2 + ae = O. 
If we know suitable functions c(t) and e(t) which satisfy the last equation, then our 
procedure yields an explicit solution. 
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